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Abstract

This paper presents a contribution to rational multiresolution analysis (MRA). The rational analysis allows a better
adaptation of scale factors to signal components than the dyadic one. The theory of rational MRA is reviewed and a pyramidal
algorithm for fast rational orthogonal wavelet transform is proposed. Both, the analysis and synthesis parts of the process are
detailed. Examples of scaling and wavelet functions and associated filters are given. Moreover, dealing with filters defined
in Fourier domain, the implementation of the algorithm in this domain is described. Then, the study is extended to the 2D
separable case in order to give a more conclusive presentation of the rational MRA.

In order to illustrate the potential of rational analysis for signal and image processing, some results given by wavelet

shrinkage denoising based on the ‘SURE’ thresholding method are presented.

© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Multiresolution analysis using the wavelet trans-
form is an efficient way to span the information con-
tained in a signal or an image. The dyadic MRA,
corresponding to a scale factor equal to 2, was first
introduced by Mallat [9]. In certain cases, this analy-
sis is not fine enough to provide a good separation of
signal components. The wavelet packets analysis can
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be used but it does not generate embedded subspaces.
Feauveau [7] proposed to refine the scale factor in his
quincunx algorithm in the 2D case. In this analysis,
two consecutive sublevels of decomposition are sep-
arated by a resolution factor of /2. An other way to
increase the resolution of the analysis is to construct a
rational extension of the filter banks theory [8]. Some
relations have been established between this scheme
and the wavelet transform. It appears that the rational
filter banks cannot lead to true wavelet analysis [3,4].

Our work is inspired by the Ph.D studies of Auscher
[1,2]. He has introduced a formal definition of rational
MRA and a method to construct the associated orthog-
onal wavelet bases, but he gave no fast algorithm to
compute the coefficients of the analysis. In practice, a
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fast computation of wavelet transform implies that in-
put signal is discrete. The computation is achieved in
the dyadic case by the pyramidal algorithm proposed
by Mallat [9]. In this contribution, the rational pyrami-
dal algorithm which generalizes the Mallat algorithm
and permits a better adaptation of the scale factor to
signal is proposed. Some examples of orthogonal ra-
tional wavelet bases are provided as well as a practi-
cal implementation for fast computation. Moreover, a
wavelet shrinkage denoising application, based on the
Stein’s Unbiased Estimate of Risk (SURE) threshold-
ing rules of Donoho and Johnstone [6], is presented.

The paper is organized as follows. A review of the
MRA in the general case is presented in Section 2. Sec-
tions 3 and 4 present the rational pyramidal analysis
and synthesis algorithm, respectively. Section 5 gives
some implementation notes. Some rational wavelet
bases are presented in Section 6 and the extension to
the bi-dimensional case is introduced in Section 7. The
wavelet shrinkage denoising application is presented
in Section 8. Finally, Section 9 gives some conclusive
remarks.

2. Rational multiresolution analysis

The rational MRA is formally defined by Auscher
in [1] as a sequence of embedded subspaces V;. This
definition is a generalization of the MRA concept
introduced by Mallat [9].

2.1. Approximation spaces

Theorem 1. Let M be a rational number (M = p/q,
with p, g€ Z and M > 1). A sequence {V;};cz of
closed subspaces of L*(R) is a MRA of ratio M if
the following properties are satisfied:

VieZ, Vi CV, (1)
Uy =rw. (2)
JjEZ

(¥ ={0}, (3)
JjEZ

VieZ fx)eV, & f(M'x)EVi, 4)
VeeZ, fx)el & f(x—k)eh. (5)

An orthogonal basis of V; is constructed by dilat-
ing and translating a mother function ¢(x) € L*(R),
called the scale function. The basis functions of V; are
given by

Pjn(x) =M Pp(M~Ix —n),  jn€Z (6)
Theorem 2. If in V, there exists a function ¢ such
that {o(x — k), k € Z} is an orthogonal basis of V;,
this function satisfies

VoeR, Y |p(w+2km) =1, (7)
kezZ

[p(0)[ =1, (8)

VXER, D [p(x — k) = p(0). 9)
keZ

The orthogonal projection of a function f over V;
can be considered as the action of a linear operator 4;

on f:
Aif =D S 0in)Oin =D ajn@in- (10)

2.2. Detail spaces

Ifthe MRA conditions are satisfied, the MRA theory
implies that there exist wavelet functions, noted i,
which, with their dilation and translation, encode the
information lost when approximating from one scale
to a coarser one.

Theorem 3. W; is defined as the orthogonal comple-
ment of Vi in V;—y (Vi—1 = V; © W) such that

f@EW;, & f(M™'x)eW;, (11)

Vi k(#J)EZ,  W; LW, (12)

L*(R)y= oW, (13)
JEZ

Then, the constructed subspaces ¥; are embedded
spaces.

Theorem 4. There exist (p — q) wavelets ', ...,
WP~ % in Wy such that the set {},(x)}j nez1<m<p—q
defines an orthonormal wavelet basis for L*(R).
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So, there exist ( p —¢g) mother wavelets, each gener-
ating a subspace ¥} (orthogonal to the others: W”%m)
included in Vj_; and the union of the W'” is the
orthogonal complement of V;in V;_;

=velJw (14)

The basis functions are generated by the following
equation:
Pa) =M Y (M x —ng), jneZ. (15)
The relation between 4;_; f and 4, f" is given by
Aj o f=A;f+>n_1 D}'f, where D' is the projector
over W". The projection of a function f* over W}" is
considered as the action of the linear operator D' on f

Drf=> (fu, Zd,,, o (16)

where d7, are the detail coefficients.

3. Pyramidal analysis algorithm

In practice, the signal f is hardly available to carry
out the analysis. The digital incoming signal is taken
as the approximation at a given scale. Here, from an
approximation (a;_ ), the computation of the coarser
approximation (a;) and of the signal details (d}) to

(d}™?) is described.
3.1. Approximation computation

As Vy C V_, the decomposition of @(x — n) =
@o,—n(x) in V_; can be written

Qo) =D hilnlp_1a(x), i=0,...,q—1, (17)

where the ¢ different sequences %;[n] = (@o.i» @—1.n)
can be considered as the impulse response of ¢ nu-
merical filters.

From Eq. (6), the scaling function can be written as

o(x) = Z hi[n)M " p(Mx — Mi — n). (18)

Then, the expression of ¢; , as function of ¢;_; , is
obtained by inserting ¢(x) in (6):

@in(¥) =Y WK1 @1 p(niy+4(x) (19)
k

with i such as M(n —i)e Z.

The approximation coefficients are expressed from
Egs. (10) and (19):

ajn = Z hlkI( S, 07— 1 m—iy+k)- (20)
k

Let =M (n— i)+ k and h[n] = h[ — n] the symmetric
of A, it can be easily proved that

jsqri =Y _ bl ps —rla;_1, (1)

withseZandi=0,...,g — 1.

This equation shows that a; is computed by con-
volving a;_; with the filters {]/Nli}ogigq_l and keeping
one sample out of p. The output of the downsamplers
are delayed by i samples and g-upsampled (i.e, in-
serting (¢ — 1) zeros between each sample of the sig-
nal). A final summation of the ¢ signals leads to the
coefficients a;.

3.2. Detail computation

The decomposition of the wavelet functions " (x),

corresponding to the space Wo=J?_1 W', over V_,

is given by

V) =Y gulklo—1x(x) (22)
k

which can be written as

Y= gulkIM"Z o(Mx — k), (23)
k

where g,[k] = (Yglo> ¢ —1.k). Inserting (15) in (23)

leads to

Y (x) = Z Inlk10j 1. np 4 (X). (24)

Let r =np + k, from Eq. (16), it can be proved that
A= gulnp —rlaj_i,. (25)

This equation shows that the detail coefficients d}”
computed by convolving a;_; with the filter g, and
keeping one sample out of p.

The complete analysis algorithm is constructed
from Egs. (21) and (25). The structure of the al-
gorithm is illustrated by the block diagram shown
in Fig. 1.
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Fig. 1. Pyramidal analysis algorithm, decomposition of a discrete
approximation a;_; with a rational dilation factor M = p/q.

4. Pyramidal synthesis algorithm

The synthesis algorithm is determined from the
analysis equation

Ajf = Zaj,nq)j,n + Z Zd;',ln o (26)

The signal coefficients are then reconstructed by sum-
ming two signals. From (10) and (16), one can write

aj—1,n = Z aj,k<</)j,k, <Pj—1,n>

k
+szfk< jr'tik,(pj—],n>~ (27)
k m

As @ k(x) = 3_; hilll@j—1,mm—i+1(x) and Yy (x) =
Y1 9nl1@;—1,np+i(x), this equation can be written as
follows:

aj—1n= Z ajihiln — M(k —i)]
k

+Y > dfgaln —kpl. (28)
k m

Eq. (28) shows that a;_; is reconstructed by sum-
ming two signals. The structure of the corresponding
algorithm is illustrated by the block diagram shown in
Fig. 2.

One can note for the two proposed algorithms that
for M =2 the Mallat algorithm is recovered.

(o
755

. o N H—+

4 W‘ [g5-] '

1

Fig. 2. Pyramidal synthesis algorithm, reconstruction of a discrete
approximation a; from the approximation coefficients a;,; and

i ; 1 P—q
the detail coefficients dj+l""’dj+l .

5. Implementation notes
5.1. Filter constructions

As the rational orthogonal wavelet bases are com-
puted in Fourier domain (see Section 6), it is a good
idea to construct the corresponding filters in this
domain.

The impulse response coefficients of £ filter are
given by the following relation:

hulk] = (@o.n, P—1,k)5 (29)

where n=0,...,q — 1.

Using (6) and (19), it can be easily shown that these
coefficients are computed, in Fourier domain, by
o) = Vi1 22 vt (30)

P(@)
where i is the unitary imaginary number.

The impulse response coefficients of ¢ filter are

given by the following relation:

gmlk] = (50> @—1.6) €29)

wherem=1,...,p —q.
Using (15) and (24), these coefficients are com-
puted, in Fourier domain, by

gu(0)=VM L;((AZS)) . (32)
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5.2. Pyramidal algorithm implementation

In order to take advantage of these filters, defined
in Fourier domain, it seems much more efficient to
implement our pyramidal algorithm in this domain.
Another point leading to this solution is that, as it is
further shown, the filters involved are of infinite length
so the implementation efficiency is far better in Fourier
domain than in direct space.

In this subsection, we generalize a previous work
[10] to the rational case.

5.2.1. Filtering and decay

In the proposed pyramidal analysis and synthesis
algorithms, the filtering step, in Fourier domain, cor-
responds to a complex multiplication

ay x h — a[k).hk]. (33)

The decay z”, in Fourier domain, corresponds to a
phase displacement of exp(ipw).

5.2.2. Upsampling and downsampling

Following [10], let X,, be the Discrete Fourier Trans-
form (DFT) of the 1D signal x;. This N samples sig-
nal is transformed into a pN samples signal j, with
the following transformation:

);n :),C\nmodN- (34)

Now, consider X, being the DFT of the 1D signal
xx. This N samples signal is transformed into a N/p
samples signal p, with the following relation:

11’
Pa== ot (35)
p:O

6. Rational wavelet bases

In [1] Auscher has proposed wavelet bases for
rational MRA. The first one is an extension of the
‘Littlewood—Paley’ basis to the rational case. The
other proposed bases are based on the Meyer con-
struction. These ‘Auscher’ bases have been defined
for M = (¢ + 1)/g and M = p/q. They are closed
to the ‘Littlewood—Paley’ basis but they allow better
spatial resolution. In this contribution, the rational
‘Littlewood—Paley’ basis and the ‘Auscher’ Basis,

for M = (g + 1)/q, are reviewed and the correspond-
ing filters allowing practical computation are given.
These filters being linear in phase the corresponding
wavelet transform are specially well suited for image
processing.

6.1. Rational ‘Littlewood—Paley’ basis

The scale function of the rational ‘Littlewood—Pa-
ley’ basis is defined, in Fourier domain, by

. 1 forfq%<w<q%,
|p(Mw)| = (36)

0 elsewhere

and the wavelet is defined by
[ (M)
{1 if (g+m—1)% <

0 elsewhere.

o] <(g+m)7,

(37)

The spectral bandwidth of the corresponding filters
depends on the choice of p and ¢. Fig. 3 shows the
magnitude of the scaling function and the wavelet in
Fourier domain for M = % and M = % Fig. 4 shows the
coeflicients of the filters /40, 41 and g, corresponding

toM = % (filters taps amplitude decays as 1/n).
6.2. ‘Auscher’ basis

The considered ‘Auscher’ basis has been defined
for M = p/q with p =g+ 1. From [1], let y(w) be an
even and Co,(R) function defined by

H0)=0 if we[0.al,
Hw) =7 +Blo—gn) if welab]
Hw)=73  if o [bMal
Ho)=7 =B (57 —an) if we[MaMb)
7(©)=0 if e [Mb, 4o,

(38)

where a = (q — &)n, b= (q +¢&)m, e€10,(1 + M)~]
and f being an odd and C(R) function such as

Vo € [en, +oof,  Plw) = g. (39)
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Fig. 3. Littlewood—Paley wavelet and scaling function for M = % (left) and % (right), in Fourier domain.

Then the scaling function is defined as

. cos[x()] if [o| < (¢ — &),

()= (40)
0 elsewhere

and the wavelet by
b . . .
J(©) = sign,. (@) sin[z@)exp(<i5 ), @D

where sign(w)=1ifw >0and —1 if ® < 0.
In order to construct y(w) within the intervals [a, b]
and [Ma, Mb], we propose to use one of the following
functions:
1 +cos(x)

T (42)

y =3x% — 2x%, (43)
y=10x° — 15x* + 6x°, (44)
y =35x* — 84x> 4+ 70x% — 20x". (45)

The three last functions permit to use different smooth-
ness functions, zeroing various number of derivatives
at end points and leading to faster decaying amplitude
of filter taps.

Considering function (42) and ¢ = (1 +M)~!, the
scaling function and the wavelet in Fourier domain,
for M =2 and % are presented in Fig. 5.
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Fig. 4. Littlewood—Paley analysis for M = %: (a) filter coefficients £0.
zoom in the interest area of the filter.
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Fig. 5. Magnitude of the ‘Auscher’ scaling function (line) and wavelet (dashed line) for (a) M =2 and (b) %, in Fourier domain.
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Fig. 6. ‘Auscher’ analysis for M = %: (a) filter coefficients 40. (¢) Filter coefficients 1. (e) Filter coefficients g. (b), (d) and (f): zoom

in the interest area of the corresponding filter.

In Fig. 6, the impulse response of the correspond-
ing filters (40, 41 and g), obtained with the equations
established in Section 5, for M = % are shown.

These associated filters are with fast decaying
infinite number of taps. The implementation in
Fourier domain allows negligible discrepancy due to

truncature.

7. 2D rational wavelet transform

As a more illustrative presentation, the rational de-
composition of the ‘Lena’ image is presented in this
section. The separable analysis case is considered with
the ‘Littlewood—Paley’ basis. the analysis results, ob-
tained for one scale, are shown for M = 2 (Fig. 7),
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Fig. 7. Dyadic Littlewood—Paley wavelet transform.

Fig. 8. Littlewood—Paley wavelet transform for M = %

% (Fig. 8) and % (Fig. 9). In these figures, one can
notice the particular size of the resulting images.

In order to show the perfect reconstruction, the Peak
Signal over Noise Ratio (PSNR) is computed. The
PSNR is defined for a B bits gray level by

B 1\2
PSNR = 1010g<%) dB (46)

Fig. 9. Littlewood—Paley wavelet transform for M = %

Table 1
PSNR results on the image obtained after one analysis and one
reconstruction

3 4
M 2 3 3 3

PSNR (dB) 47.2 49.2 49.7 48.1

where d is the mean quadratic error given for a
[Ny x N,] image by

Ne—1 Ny—1
1 \ . ..
d= e > D (o) = h(i.)). 47)
=0 j=0

where /j is the initial image (without noise) and /; is
the image to be compared.

Table 1 shows the PSNR results computed (with
MATLAB® coding) after one analysis and one syn-
thesis. The obtained results show that the considered
basis and the proposed algorithm permit the perfect
reconstruction of the decomposed signal (even with
‘longest’ filter).

8. Denoising by wavelet shrinkage
8.1. Wavelet shrinkage
In this contribution, in order to illustrate the poten-

tial of rational analysis, some results dealing with a
signal and image denoising application are given. The



1744 A. Baussard et al. | Signal Processing 84 (2004) 1735—1747

30
25
20
15
10

-20

0 02 04 06 08
(©

Fig. 10. (a) Signal ‘Blocks’; (b) Signal ‘Bumps’;

denoising method is based on wavelet shrinkage using
the Stein’s Unbiased Estimate of Risk (SURE) thresh-
old selection [6,5]. The ‘SURE’ denoising method is
based on an estimation of the noise variance. This es-
timation is obtained from the wavelet coefficients at
first scale. Then the threshold computed from this es-
timation is applied at each scale in order to denoise
the signal. One can note that this method, defined in
the dyadic case, can be easily extended to our rational
case.

In this application, for a better spatial resolution,
the ‘Auscher’ bases defined for M = (¢ + 1)/q are
considered.

8.2. Signal denoising

In what follows, the considered signals (see
Fig. 10) correspond to the ones proposed in [5]. In
order to corrupt these signals, a gaussian noise, cen-
tered on high frequency, is added. Then, the previous
denoising method, for M = 2 and %, is applied on

60
50
40
30
20
10

(b)0 0.2 0.4 0.6 0.8 1

20
15
10

0 0.2 0.4 0.6 0.8 1

(c¢) Signal ‘HeaviSine’; (d) Signal ‘Doppler’.

the four signals. To quantify the enhancement after
denoising and to compare the results obtained using
a dyadic and a rational analysis, the Signal to Noise
Ratio (SNR) is computed.

Fig. 11 shows the high-frequency corrupted signals.
Figs. 12 and 13 show the results after denoising for
M =2 and %, respectively, and Table 2 reviews the
obtained SNR results. These results show that, for all
signals, rational analysis leads to an improvement of
the denoising process.

8.3. Image denoising

Taking into account the previous results, an im-
age denoising application is presented. The ‘Lena’ im-
age (see Fig. 14a), corrupted with a gaussian noise
centered on high frequency (see Fig. 14b), is added.
Fig. 14c and d show the results obtained with the
‘SURE’ method for M =2 and %

The PSNR, computed on the noised image, is equal
to 22.85 dB. Table 3 gives results obtained after
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Fig. 11. Noised data with high frequency gaussian noise: (a) Noisy Blocks; (b) Noisy Bumps; (c¢) Noisy HeaviSine; (d) Noisy Doppler.
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Fig. 12. Denoising results of the high-frequency corrupted signals
‘HeaviSine’; (d) Signal ‘Doppler’.
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for M = 2: (a) Signal ‘Blocks’; (b) Signal ‘Bumps’; (c) Signal
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Fig. 13. Denoising results of the high-frequency corrupted signals for M = %: (a) Signal ‘Blocks’; (b) Signal ‘Bumps’; (c) Signal

‘HeaviSine’; (d) Signal ‘Doppler’.

Table 2
SNR (dB) results after denoising for the high frequency gaussian
corrupted signals

Blocks Bumps HeaviSine Doppler
Initial 17.77 16.28 15.91 15.70
M=2 21.11 2291 28.56 25.93
M=3 24.29 24.03 28.76 28.67

denoising by the dyadic and the rational analysis using
the ‘Auscher’ bases. Once again, these results show
an improvement of the denoising process when using
rational analysis instead of classical dyadic one.

9. Conclusion

In this paper, rational orthogonal MRA which
extends the potentialities of dyadic MRA has been
presented. This analysis provides a better adaptation
of the scale factor to the signal information. Some
examples of rational MRA and the construction of

Fig. 14. (a) ‘Lena’ image. (b) Noised image. (¢) Denoised image
with M = 2. (d) Denoised image with M = %

associated filters for rational orthogonal MRA have
been proposed. A pyramidal algorithm for the com-
putation of rational MRA coefficients has been pre-
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